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ABSTRACT 
A. L. lhlmage and N. S. Mendelsohn proved that b,(n) G n + s(n - 2), where 
b,(n) = max( m 1 m E E,(n)} and E,(n) = { m E Z* 1 there exists a primitive digraph 
D with n vertices and the shortest circuit length s such that y(D) = ). In 
we b,(n). Our two main results are: (1) expressions 
for b,(n) for any o, tz with 1~ s < n; (2) a necessary and sufficient condition for a 
primitive digraph D with n vertices and the shortest circuit length s to have 
y(D) = b,(n) /XI the cases/s > 3! s + 6, and gcd(s, n) > 1. 
1. INTRODUCTION 
Terminology not defined here can be found in [l] and [33. Let 9,(n> = 
{ D 1 D is a primitive digraph with n vertices and the shortest elementary 
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circuit length s}. Denote by d,(x ,  S) the distance from a vertex x to a vertex 
set S in which every vertex belongs to some circuit of length s. Let 
b~(n) = max{ T(D) I D ~ ~,(n)}. Denote by k l l  that the integer I is divisible 
by the integer k; k ¢ l otherwise. Let Wo(s, n )  = n + s (n  - 2) - s2 /2  and 
Wl (  s, n ) = n + s( ro - 2 ), where, ro = max{ r ~ Z l s < r <~ n and gcd( r , s )= 
1}. Let %(n)= {D ~ ~,(n)  and D satisfies the following condition (* *)}: 
L(D)  = (s ,  ro,r 1 . . . . .  rx),  r 1 .....  r x all multiples of s. (* *) 
In [5], Dulmage and Mendelsohn showed that T(D)<~ n + s (n -  2) for 
any D ~ ~(n) .  In [1], Jia-Yu Shao gave a necessary and sufficient condition 
for a primitive digraph D to have T(D)  = n + s(n  - 2) in the case s >~ 2, 
where we necessarily have god(s, n) = 1. In this paper, we will improve the 
upper bound from n + s(n  - 2) to b~(n) = n + s(r  o - 2) or n + s(r o - 2)+1 
for any s, n with 2 ~< s < n and gcd(s, n) > 1. We will also give a necessary 
and sufficient condition for D ~ ~(n)  to have , / (D)= b~(n) (except for 
s ~ 2 or 6). In Section 2, we will give some special upper bounds for the 
exponent T(D). In Section 3, we will give expressions for b~(n) in the case 
god(s, n )= 1, where 1 ~< s < n. In Section 4, we will obtain expressions for 
bs(n ) in the case gcd(s, n )> 1 and 2 ~< s < n. In the last section, we will 
characterize those digraphs D with D ~ ~s(n) and ?(D) = bs(n) in the case 
2<s<n,  s~6,  and gcd(s ,n )> l .  In this paper, n,s ,k , l , r , r  i are all 
positive integers, and we obtain the following four main theorems: 
THEOREM A. Let  n, s be integers wi th  n > s >1 2 and gcd(s, n) > 1. 
(1) I f  n=ks  and k - l~s -2 ,  then b~(n)=n+s( ro -2 )+ l= 
Wl (s ,  n )+ 1. 
(2) I f  n ~ ks, or i f  n = ks and k - l l s - 2, then b,( n ) = n + S( ro - 2) = 
Wx(s,  n). 
THEOREM B. Let  n, s be integers wi th  2 <~ s < n and gcd(s, n) > 1, and 
let D E ~, (n ) ,  T (D)  = b~(n). 
(1) I fn  = ks and (k - 1) ~ (s - 2), then D ~ ¢p,(n). 
(2) I f  s ~ n, or i f  n - -ks  and k- l l s -2 ,  then D ~ ~(  n ), where s>2 
and s~ 6. 
THEOnF_~ C. Let  n, s be integers wi th  n > s >~2, and let D ~ ~(  n ) 
and gcd(s, n) > 1. I f  n = ks and (k - 1) ~ (s - 2), then ~,(D) = b~(n) = 
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n + s(r o - 2)+ 1 i f  and only i f  (after a ~uitable relabeling o f  vertices) all o f  
conditions (i)-(iv) in Theorem 5.2 are e, atisfied. 
THEOREM D. Let n, s be integers with n > s >1 3, s ~ 6, D ~ ~(  n ), and 
gcd(s ,n )> 1. I f  s+n,  or i f  n=ks  and k - l l s -2 ,  then T (D)=b, (n )= 
n + s(r o - 2) i f  and only i f  (after a suitable relabeling o f  vertices) all o f  
conditions (i)-(v) in Theorem 5.3 are satisfted. 
2. SOME SPECIAl, UPPER BOUNDS FOR y(D) 
Let D be a primitive digraph with n vertices, and ,/(D) be the exponent 
of D. Also, let L(D)= {r x . . . . .  rx} be the set of distinct lengths of the 
elementary circuit of D, where r 1 = s is the shortest circuit length of D. Since 
D is primitive, we have gcd(r x . . . . .  rx) = I. 
DEFINITION 2.1. The exponent from vertex x to y, denoted by T(x, y), 
is the least integer such that there exists a walk of length m from x to y for 
all m >~ r. 
PROPOSITION 2.1. I f  D is a primitive digraph, then "?(D) = 
max{~(x, y) lx, y e V(D)). 
The proof of this proposition is obvions. 
Now suppose {a l . . . . .  a x} is a set of distinct positive integers with 
gcd(a l .... , ax )= 1. We define ~b(a 1... . .  ax) to be the least integer m such 
that every integer k >/m can be expressed in the form k = cla 1 + • • • + cxax, 
where cx,..., c x are nonnegative integers. 
PROPOSITION 2.2. With the above notation, in the case ~ ffi 2, we have 
q J (ax ,a2)=(a  x- 1)(a 2 - 1). 
For any ordered pair of vertices x, y of D and B = { r i . . . . .  r~ } c L(D)  
with ged(r~ . . . . .  rh) ---- 1, we define the relative distance dB(x , y) ~om--x to y 
be the length of the shortest walk from x to y which meets at least one 
circuit of each length rij, j = 1 . . . . .  k. Ie t  d % ..... ,,,) ffi max{ d s(x, y) lx ,  y 
V(D)};  then for any subset B = {ri~ . . . . .  rik } .c L (D)  such that ged(r~ .... , ri, ) 
4 
= 1, we have 
and 
WEI-QUAN DONG, JIA-YU SHAO, AND CHUN-FEI DONG 
y(x, de(x, y) + r,,) (2.1) 
"~(O) ~ d(r q ...... ik) q- ~(n) .  (2.2) 
The proof of (2.1) is easy, and (2.2) follows from (2.1) and the formula 
7(D) = max( 7(x, y) lx,  y ~ V(D)}. 
We will use the following basic upper bounds for 7(D) in the proof of our 
results. 
THEOrmM 2.1. Let D ~ ~8(n). Then 7(D) <~ n + s (n  - 2). 
Proof. See [4]. • 
3. THE EXPRESSIONS FOR b~(n) IN THE CASE gcd(s, n) = 1 
TH~.OaEM 3.1. Let  n, s be integers w i th  1 <~ s < n. I f  god(s, n) = 1, then 
bs(n)  = n + s (n  - 2) = n + s(r  o - 2) = Wl(s ,  n).  
Proof. By Dulmage and Mendelsohn's upper bound, for any D ~ ~(n)  
we have 7(D) <~ n + s (n  - 2) = Wl(s ,  n).  So bs(n ) <~ n + s (n  - 2) = Wl(s ,  n). 
On the other hand, there exists D O ~ ~, (n)  such that "/(Do) = n + s (n  - 2) 
= Wl (s ,  n) .  
Case 1: s = 1. By [1, Theorem 4.1], we see that there exists D O ~ ~l (n )  
such that 7(Do) -- 2n - 2 = WI(1, n). 
Case 2: s >1 2. Consider a primitive digraph D O ~ ~(n)  as shown in 
Figure 1. It can be easily verified that D O satisfies the hypothesis of Theorem 
3.3 in [1] and so 7(/90) = n + s (n  - 2) = Wl(s ,  n).  
Combining eases 1 and 2, we get that bs(n ) >I ,/(Do) = n + s (n  - 2) = 
Wl(s ,  n).  So we have b, (n)  = n + s (n  - 2) = n + s(r o - 2) = Wl(s ,  n).  • 
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D O 
4. THE EXPRESSIONS FOR b~(n) IN THE CASE gcd(s, n )> 1 AND 
2<~s<n 
Throughout his section, we will assume that 2 ~< s < n and gcd(s, n) > 1. 
We obtain that T(D) ~< Wl(s, n) for any D ~ ~, (n ) \%(n)  from Lemmas 4.1 
to 4.6 [furthermore y(D)  < Wx(s, n) in the cases s =~ 2 or 6]. We also obtain 
in Lemma 4.7 that y(D)<~Wl(s,n ) or Wl(s ,n )+ l  for any D~%(n) .  On 
the other hand, there exists D ~ vs(n) in Lemma 4.8 such that y (D)= 
Wl(s, n)  or Wx(s, n)  + 1. Therefore, combining the above two aspects, we get 
that bs( n ) = Wl( s, n) or W:( s, n ) + 1. 
LEMMA 4.1. I f  D ~ .@s(n) and there exists r = r i ~ L(D)  such that 
gcd(r,  s) = 1, then 7(D) < n + s(n - 2) - (s - 2)(n - r). 
Proof. See [1, Lemma 2.1]. • 
L~M~ 4.2. I f  D ~ ~,( n ) and gcd(r i, s) > 1 for all r i ~ L(D) ,  then 
T(D) <~ n + s(n - 2) - s9/2 = Wo(s, n). 
Proof. The hypothesis and primitivity of D imply that s is not a prime 
power, so s >I 6. Let pp. . . ,  Pt be distinct prime divisors of s, with t >t 2. 
Take ri,, . . . .  ri, E L (D)  such that gcd(pk, rik ) -~ 1 for k -- 1 . . . . .  t. [Such an r~ 
exists because gcd(r  x . . . . .  r x, s) = 1]. 
Now, take R = {s, r~ . . . . .  r~ } c L (D) ;  then god(s, r~ . . . . .  r~ ) = 1. We may 
l t - -  1 t 
use Vitek's upper  bound, since gcd(s, rik ) > 1 for k = 1 . . . . .  t means R - -  
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{s, rii . . . . .  ~,} satisfies the hypothesis of [2, Theorem 4]. Thus we have 
Ca(R) ~ s(r  - 2) /2  ~ s(n  - 2)/2,  where r = maxk{ ri~ }. Also, by using induc- 
tion on t (t >/2), we show that PIP2 " • " Pt >~ 2(t + 1), so s >/PiP2 • " " Pt >1 
2(t + 1) and 
d¢r,, ..... r,,,s) <~ (n -  s )+(n - rq )+ . . .  +(n - r i , )+(n -1  ) 
~< (t + l ) (n -  s ) -  2t-  l+(n -  1) 
= (n -  s)+ t (n -  s -  2)+(n-  2) 
<~ n + s (n  - 2) /2  - s2 /2  
(since rik>~ s +2 and r = maxk{ r~k } > s +2). So 
3, (D)=max{3, (x ,y ) lx ,  y~V(D)}  ~dcs,r,, ...... ,,) + q,(R) 
s (n  - 2) s 2 s (n  - 2) 
~n4 + - -  
2 2 2 
$2 
= n + s (n -  2 ) -  ~=Wo(s ,n  ). 
LEMMA 4.3. I f  god(s, n) > 1, s >i 2, then n - r o <~ s /2 ;  furthermore 
n - ro < S /2  when s > 2 ands--l :6. 
Proof. 
Case 1: 2 ~< s < 5. Then s is a prime power and gcd(s, n) > 1. Thus 
r o = n - 1 and n - r o = 1 <~ s /2 ;  furthermore n - r o < s /2  when 2 < s ~ 5. 
Case 2: s>!6.  
Dv.FImTION. f ( s )=max(b-a la<b,  a and b are copriine to s, and c 
is not coprime to s for any a < c < b, where a, b, and c are positive 
integers}. 
Then by gcd(s, n) > 1 and the definition of r o, we have n - r o ~ f ( s )  - 1. 
Now we consider the distribution of numbers which are coprime to s and 
consider the possible lengths of the interval between two successive numbers 
which are coprime to s in the set {0,1 . . . . .  s - l , s , s+ l} .  We list some of 
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them as follows: 
Numbers which are 
coprime to s 
Some possible 
interval lengths 
0 (mod 4) 1 . . . . .  ~s - 1, ~s + 1 .. . . .  s - 1, s + 1 ~s - 2, 2 
2 (mod 4) 1 .. . . .  ~s -  2 ,~s+2 ... . .  s - l , s+ l  2 ,4 ,~s-  3 
1,3 (rood 4) 1 .. . . .  ~(s -  1),~(s + 1) .....  s - l , s+ l  2 ,~(s -  3) 
Therefore, in all cases, we have f ( s )  ~ max(4, ~(s - 3)}. So n - r o ~ f ( s )  - 1 
~< max{4, ~(s - 3)} - 1 = max(3, ~(s - 5)) ~< ~s. Furthermore n - r o < ~s 
when s > 6. 
Combining of cases I and 2 completes the proof of Lemma 4.3. • 
LEMMA 4.4. I f  S>12 and gcd(s ,n )> l ,  then Wo(s,n)<<. Wx(s,n) ;  fur- 
thermore Wo( s, n) < Wx( s, n) in the cases s ~ 2, 6. 
Proof. We have 
Wo( , n )  = n + s (n  - 2 )  - - -  
82 
2 
82 
=n+s( r° -2 )+s(n - r° )  2 
<~ n + s(r  o -  2)+- - - - -  
8 2 8 2 
2 2 
= Wl(s, n), 
and in the cases s ~ 2, 6, we have Wo(s, n) < Wl(s,  n) (by l_emma 4.3). • 
LEMMA 4.5. Let n, s be integers with 2 <<. s < n and gcd(n, s) > 1 and 
suppose there exists r ~ L (D)  with r < r o such that gcd(s, r) = 1. Then 
y( D ) <~ Wl(  s, n); furthermore, when s > 2, s ÷ 6, we have y( D ) < Wl( s , n ). 
Proof. Now take B= {r,s} cL(D) ,  and let x, ~ be arbitrary vertices 
of D. We estimate the upper bounds of riB(x, y)  by classifying d,(x,  S) into 
two  cases.  
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Case 1: d,(x,  S) ~< n - s - 2. We can first use a walk of length ~< n - 
s - 2 to meet a circuit of length s, then use a walk of length ~< n - r to meet 
a circuit of length r, then use a walk of length ~< n-  1 to get to y. This 
shows that dB(x, y)  ~ (n - s - 2)+(n  - r )+(n  - 1) = 3n  - r - s - 3. 
Case 2: n - s - 1 <~ d,(x, S) ~ n - s. We first take a path P of length 
l (P )  with n - s - 1 ~< l (P)  <~ n - s to meet a circuit of length s. Now 
r >/s + 1, so l (P)  >1 n - s - 1 >1 n - r, and thus P already meets a circuit of 
length r. Then take a walk of length ~< n - 1 to get to y. This shows that 
dB(x ,y )  <~ (n -  s )+(n -1)= 2n-  s -  l ~< 3n-  s - r -  3 
(since n - r >/2). 
Combining cases 1 and 2, we have 
7(x ,  y )  <<. dz (x ,  y )+ ep(B) <~ 3n - s - r - 3 + (s - 1)(r - 1) 
= n +2n-  s -  4+(s -  2 ) ( r -  1) ~ n +2n-  s -  4+(s -  2)(r 0 -  2) 
<~ n + s(r  o - 2) +2(n  - to) - s <~ Wl(s ,  n)  = n + s(r  o - 2). 
Fur thermore 7 (x ,y )<Wl(s ,n )  when s> 2, s~ 6. So ~, (D)= 
max{ 7(x, y)  [x, y ~ V(D) )  ~ Wl(s, n) and 7(D)  < Wl(s, n)  when s > 2, s 
6. This completes the proof of Lemma 4.5. • 
LEMMA 4.6. Let n, s be integers with 2 ~ s < n and god(s, n)  > 1. I f  
D ~ ~s(n) \cp, (n) ,  then y(D)  <~ Wl(s, n); furthermore y(D)  < Wl(s, n)  when 
s>2 ands~6.  
Proof. Let DE~, (n ) \%(n)  and L (D)= {s, r  1 . . . . .  rt). In the follow- 
ing, we consider three different cases. 
Case 1: For all r i ~ L(D),  we have gcd(r~, s) > 1 (i = 1 . . . . .  l). Then 
7( D ) <~ Wo( s, n)  <~ Wx( s, n ), and ,/(D) < Wl( s, n)  in the case s ~ 6 (by Lem- 
mas 4.2 and 4.4). 
Case 2: There exists rioE L (D)  such that god(rio, s )= 1 and rio< r 0. 
Then 7(D)  ~< Wl(s, n)  and 7(D) < Wl(s, n) in the cases s > 2 and s ~ 6 (by 
Lemma 4.5). 
Case 3: There exists some r~ ~ L( D ) such that gcd(r i, s) = 1 and r~ >i r o 
for  all r i ~ L (D)  with gcd(r i, s) = 1. By the definition of r 0, we see that 
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gcd(ri, s) = 1 and r, >/r o ~ r~ = r o. So r o ~ L(D) ,  and for r ~ L (D)  we have 
ged( r , s )> l¢* r¢r  o. Since D~eps(n) ,  there exists some r io~L(D ) and 
r~o ~ r o such that rio is not a multiple of s. Hence rio is not a nonnegative 
integral combination of r o and s (since r~o ~< n < r o + s). Now, take B = 
( s, rio, r o }. We may use Vitek's upper bound, since gcd(s, ro) = 1, god(s, rio ) 
> 1 means B = { s, r~o, ro } satisfies the hypothesis of [2, Theorem 4]. So we 
have 
s(r - 2) s (n  - 2) 
, (B )  ~ ~ ~< ~ ,  (4.1) 
where r = max{rio, r0}. For any x ,y~V(D) ,  let P(x ,y )  denote an elemen- 
tary path of length d(x, y)  from x to y. We estimate upper bounds of 
dB(x, y)  by classifying d(x, y)  into the following three cases. 
Subcase 3.1: d( x, y)  >1 n - s. Now, P( x, V) already meets all the cir- 
cuits. Then 
dB(x ,y )=d(x ,y )  <<. n -  l < n + ro -  s -1 .  
So 
y(x ,  y )  <~ dB(x,  y )  + ¢b(B) < n + r o - s - 1 + - -  
s (n -2)  
<~ n + s (n  - 2) 
,(~-2) 
2 
--+(~-l)-s-:  
(,-2)(,-2) 
= n + s (n -2)  - 2 - *  
< n + s (n  - 2) - 
s (s -2 )  
- ,=Wo( , .n )<wl (s . , ) .  
Subcase 3.2: n - r o <~ d( x, y) ~< n - s - 1. Notice that P( x, y)  already 
meets a circuit of length r o. By adding this circuit to P(x, y), we get a walk 
from x to y of length d(x ,y )+ r o which already meets all the circuits. Then 
dB(x , ! t )  < d(x ,y )+ ro < n -  s + ro -1 .  
10 
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~(x, y) ~ ds(x ,  y) + ep(B) <~ Wo(s, n) ~ Wl(S, n). 
Subcase 3.3: d (x ,g )~<n-r  o-1 .  Let b be a length of one of the 
circuits which P(x ,y )  meets. In the following, we discuss dn(x ,y  ) by 
considering the quantity b + s. 
Subcase 3.3.1: b + s > n. By adding a circuit of length b to P( x, y ), 
we get a walk from x to g of length d(x, g) + b which already meets all the 
circuits. Then 
ds(x ,g )  <~ d(x ,g )+ b ~ n -  ro-  l + b ~ 2n- ro -1 .  
Subcase 3.3.2: b + s <~ n, b= s, and rio> n - s. Now by adding a 
circuit of length s to P(x, g), we get a walk of length d(x, y )+ s from x to y 
which already meets all the circuits of lengths s, r i, and r o. Then 
dn(x ,y )  <~ n- ro -  l + s < n + ro -  s -1 .  
Subcase 3.3.3: b + s ~< n, b = s, and rio ~< n - s. So by adding a circuit 
of length s to P(x, y), then adding a circuit of length r o, we get a walk from 
x to y of length d(x, y )+ s + r o which already meets all the circuits of 
lengths s, r i and r o. Then 
dB(x ,y )  <~ d(x ,y )+ s + ro <~ n + s -1  
(in this case rio >~ s + 2 >1 4 ~ n >1 s + rio >~ s + 4). 
Subcase 3.3.4: b + s ~< n, b > s, and s >~ 3. By adding two circuits of 
lengths b and to, we get a walk from x to y of length d(x, g)+ b + r o which 
already meets the circuits of lengths s, r o, and rio. Then 
dn(x ,y )  ~< n-  ro -  l + b + ro ~ 2n-  s -1  
(in th i scase  b>/s+2>15=*n>ts+b>/s+5) .  
Subcase 3.3.5: b + s ~< n, b > s, and s = 2. Since ged(2, n)  > 1, r o = 
n - 1, and d(x, g) ~< n - r o - 1 = 0, we have x = y. 
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3.3.5(a): b<~n-3 .  Then dn(x ,y )<~b+ro<~n-3+n- l=2n-4  
(by adding two circuits of lengths b and to). 
3.3.5(b): b = n - 2. Then dB(X, y) ~< b + r o = 2n - 3 (by adding two 
circuits of lengths b and to). 
In subcase 3.3, by using "l( x, y) <~ d B( X, Y ) + O( B), we have 
Subcase 3.3.1: 
~[(x,y) <~ 2n- ro -  l + - -  
s( n - 2) 
= n+ s (n -  2) -  
(n - 2)(s - 2) 
2 
- ro+l  
s(s  - 2) 
<~n+s(n-2)  2 r°+l  
=Wo(s ,n )+s+l - ro  <~ Wo(s,n)<~ Wx(s,n) .  
Subcase 3.3.2: 
~(x ,y )<n+ro-s - l+  - -  
s (n  - 2) 
~Wo(s ,n )  <~ W~(s,n). 
Subcase 3.3.3: 
"y(x,y) <~ n + s -  l + - -  
s( n - 2) 
= n + s (n  - 2) 
s(n - 2) 
- - + s - 1  
~< n + s(n - 2) - -  +s - l<Wo(s ,n )  
<~ Wt(s ,n  ) (since n>~s+4) .  
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Subcase 3.3.4: 
y (x ,y )  <~ 2n-  s -  l + - -  
s( n - 2) 
(n -  2 ) (s -  2) 
=n+s(n-2) -  2 -s+ l  
+3)( ,  - 2) 
<~n+s(n-2) -  2 s+l  
38 
= Wo( s, n ) - -~  +4 < Wo( s, n ) ~< Wl(s, n ) 
(since n >1 s + 5 and s >1 3). 
3.3.5(a): 
s( n - 2) 
y(x ,y )<~2n-4+ - -  
2 
-3n -6  
=Wo(s ,n )  =Wl (s ,n  ). 
3.3.5(b): 
s(n - 2) 
y(x ,x )<~2n-3+ - -  
2 
-3n -5  
=Wo(s ,n )+ l =Wl (s ,n )+ l. 
On the other hand, by adding three circuits of length b = n - 2, we see that 
there exists a walk of length 3b = 3n - 6 from x to y = x. Hence in subease 
3.3.5(b) also we get that 
3'(x, x)  < 3n - 6 = Wo(s, n)  = Wl(s ,  n) .  
Combining subcases 3.1, 3.2, and 3.3, we have -/(D) = max(y(x , y)Jx, y 
V(D)} ~< Wo(s, n) <~ Wl(s, n), and y(D) < Wl(s, n) in the cases s > 2 and 
s 4:6 (by Lemma 4.4). Putting together cases 1, 2, and 3 completes the proof 
of Lemma 4.6. II 
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In  Lemma 4.6, we got that 7(D)~< Wl(s, n)  for any D ~ ~s(n)\ep~(n) 
with  2 ~< s < n and  gcd(s, n )  > 1. Subsequently,  we'l l  take into account  hose 
digraphs which  belong to %(n) .  
LEMMa 4.7. Let s, n be integers with 2 <~ s < n, gcd(s,  n )> 1, and  
D ~ cp~(n). 
(i) I f  n=ks  and k -  l + s -  2, then 7(D)~Wl(S ,n )+ l. 
(ii) I f  s ~ n, or i f  n = ks and k - l l s - 2, then 7( D ) ~ Wx( s, n ). 
Proof. (i): If n = ks and (k - 1) + (s - 2), then r o = n - 1 ~ L(D) .  Now 
take B = { s, r o } and any x, y ~ V(D).  
Case 1: At  least one o f  x and y belongs to a circuit o f  length s. Then 
we can first use a walk of length ~< n - r o to meet a circuit of length r o, then 
use a walk of length ~ (n  -1 )  to get to y. This shows that 
as(x ,  y)  <~ ( ,  - ro) + (n - 1) < (n  - s)  + (n  - 1) = n - s + r o. 
Case 2: Neither x nor y is contained in any circuit o f  length s. Then 
we can first use a walk of length ~< n - s to meet a circuit of length s, then 
use a walk of length ~< n - 1 to get to y. So this walk from x to y already 
meets  the circuits of lengths s and r o. This shows that 
dB(X,y  ) <~ (n - -  s )+(n- -  1) = n - -  s+ r o. 
Combin ing  cases 1 and 2, we see that 
7 (x ,  y )  ~< dB(X, y)  + ep(B) <~ n - s + r o + (s - 1)( r  o - 1) 
=n-s+ s ( ro -1 )+ l=n+ s ( ro -2 )+ l=Wl (s ,n )+ l. 
Hence  , / (D)  -- max(  7(x, Y) lx ,  y ~ V(D)} ~< Wl(S, n )+ 1. 
(ii): Suppose s ~ n,  or n = ks and k - 11 s - 2. Now, take B = { s, r o } and 
any x, y ~ V( D ). Then we have 
V(x,  y)  <~ ds(x ,  y )+ ok(B) = ds (x ,  y)+(r  o - 1)(s  - 1). 
S ince Wl(s, n)  - (r o - 1)(s - 1) = n + r o - s - 1, we need only prove that 
d B(x, y )  ~< n + r o - s - 1, or equivalently 7( x, y)  ~< Wx(s, n) .  
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Let P(x,  y)  be a path of length d(x, y)  from x to y. Subsequently, we'll 
est imate the upper  bounds of dB(x, y)  by considering d(x, y). 
Case 1: d( x, y)  >1 n - s. Then P( x, y)  already meets all the circuits. So 
dB(x ,y )  =d(x ,y )  ~ n -  l < n + ro -  s -1 .  
Case 2: n - r o <~ d(x, y) ~< n - s - 1. Notice that P(x, y)  already meets 
a circuit of length r o. By adding this circuit of length r o to P(x, y), we get a 
walk from x to y of length d(x, y)  + r o which already meets all the circuits. 
This shows that 
ds(x ,y )  <~ d(x ,y )+ ro ~ n -  s -  l + ro. 
Case 3: d( x, y)  <~ n - r o - 1. Let P( x, y)  meet a circuit of length b. 
Subcase 3.1: b=r  o. Then dB(x ,y )<~d(x ,y )+ro<~n-ro - l+ro< 
n + r o - s - 1 [by adding a circuit of length r o to e(x,  y)]. 
Subcase 3.2: b = s. Then d B( x, y ) <~ d( x, y ) + s ~ n - r o - l + s < 
n + r o - s - 1 [by adding a circuit of length s to P(x, y)]. 
Subcase 3.3: b ~ s and b ~ r o. Since D satisfies the condition ( * *), 
b = kos, where k o is a positive integer. Subsequently, we'll estimate upper 
bounds of dn(x,  y)  by considering the quantity b + s. 
Subcase 3.3.1: b + s > n. By adding a circuit of length b to P( x, y ), 
we get a walk from x to y of length d(x, y )+ b which already meets all the 
circuits. This shows that 
dB(x ,y )  <<, n - ro -  l + b < n + ro -  S -1  
except for n = b = 4 and s = 2 for the strict inequality (by b < ro; or by 
b=n=ks  and ro=n- l>s+l  ). 
Subcase 3.3.2: b + s < n. Then, since b + s < n and b + s is a multi- 
ple of s, we get that b + s < r o. Now by first adding a circuit of length b to 
P(x,  y), then adding a Circuit of length r o, we get a walk from x to g of 
length d(x,  g )+ b + r o which already meets all the circuits. This shows that 
dB(x ,y  ) ~<d(x ,y )+ b+ r o <~ n-  r o -  1+ b+ r o 
=n+b- l  <n+(ro -s ) - l .  
Subcase 3.3.3: b+s=n.  Then n=ks  and b=(k -1)s ,  r o=n-1 .  
Since d(x,  y)  ~< n - r o - 1 = 0, we have x = y. Now, by adding two circuits 
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of lengths b and r o, we get a walk from x to x of length b + r o which already 
meets all the circuits. This shows that 
dB(x ,g )  <~ ro + b=n-s+r  o. 
Therefore 
7(x ,  y )  <~ riB(X, g )  + ep(B) <~ n - s + r o + (s  - 1)(r  o - 1) 
=n + S( ro -  2 )+ l=Wl (s ,n )+ l .  
Now, on the other hand, by the hypothesis k - l ls - 2 of (ii), we may 
assume that s -  2 = p(k -  1), where p is a nonnegative integer. By adding 
p + s + 1 circuits of length b, we get a walk of length 
(p  + s + 1)b = (p  + s + 1)(k - 1)s = (s - 2)s + (s + 1)(ks - s) 
= se-  2s + ns + n - sS -  s 
=.  + s (n  - 3)  = n + s [ (n  - 1)  - 2]  = n + s(ro - 2)  = Wl(s ,  n )  
from x to x. 
In subcase 3.3.3, we also have 7(x, g) = 7(x, x) ~< Wl(S , fl). 
Finally, combining eases 1, 2, and 3, we have 
7(D)  =max{v(x ,y ) lx ,  y~V(D)}  <~ Wx(s ,n ) .  
This completes the proof of Lemma 4.7. 
LEMMA 4.8. Let  n, s be integers w i th  2 <<, s < n and gcd(s, n) > 1. 
(i) I f  n -- ks and (k  - 1) ¢ (s - 2), then there exists D 1 ~ ¢p,(n) such that 
y (D1)  = Wx(s,  n )+ 1. 
(ii) I f  sen ,  or i f  n = ks and k- l l s -2 ,  then there exists D2 ~ cps( n ) 
such that  ~[( D2) = Wx( s, n ). 
Proof. (i): We construct a digraph D 1 as shown in Figure 2. It is obvious 
that D 1 e qos(n) and L(  D 1) = { s, n - 1, n - s } = { s, r o, ( k - 1)s }. By Lemma 
4.7(i), we have 
v(D ) -- U)[x, U V(DI)} X. (4.2) 
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It remains to prove that there exists an ordered pair of vertices x, y of D 1 
such that 7(x, y)  = Wx(s, n )+ 1 = n + s(r  o - 2)+ 1. For this, we need only 
prove that there does not exist a walk of length n + s(r o - 2) from n to n. If 
this is not the case, then we may assume that there exists a walk from n to n 
of length Wl(s ,  n )  = n + s(r  o - 2), which may be expressed as 
n + s ( r  o - 2) = a(n  - s)  + (n  - s)  + b(n  - 1) + cs, 
where a, b, and c are all positive integers and ff b = 0 then c = 0. In the 
following, we classify into two cases by considering the quantity b. 
Then c = 0 and we get that n + s(r  o - 2) = a(n  - s )+ Case 1: b = O. 
n - s, whence 
whence 
whence 
s( r  o -  1) =a(n -  s) ,  
to=n- l ,  
n ~ks ,  
ks -  2=a(k -  1), 
s (k  - 1) + (s  - 2)  = a(k  - 1). 
So k - 1 Is - 2, which contradicts the hypothesis of (i). 
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Case 2: b~O.  Then we have n+s( ro -2)=(n-s )+a(n-s )+ 
(n - 1)+ b' (n  - 1)+ cs, where b '=  b - 1. Then 
s ( r  o - 1) - (n - 1) = a(n  - s) + cs + b ' (n  - 1), 
to= n - l ,  
n~ks ,  
whence 
whence 
s(r  o -  1) -  r o= [a (k -  1)+ c ls  + b'r o, 
( s -  1)(r  o -  1 ) -  1 = [a (k -  1)+ c]s+ b'r o, 
where a(k  - 1) + c >i 0, b' >/0. This contradicts the fact that ¢(s, to) = 
(s - 1)(r0 - 1). 
Combining cases 1 and 2, we get that there does not exist a walk of length 
n + s(r  o -2 )  from n to n; i.e., y(n,  n )= Wl(s,  n)+ 1. So 
) '(D1) >/7(n,  0)  = Wl(s ,  n) + 1. (4.3) 
Combining the inequalities (4.2) and (4.3), we have 
y(D1)  = "f(n, n )  = n + s( r  o - 2) + 1 = Wl(s ,  n )  + 1. 
(if) We construct a digraph D 2 as shown in Figure 3. It is obvious that 
Da ~ cps(n) and L(Da) = (s, r0). It can be easily verified that Da satisfies the 
condition of Lemma 4.1 in [3]. 
In Lemma 4.1 of [3], we take r 1 = r o, r x =rz  = s. Then e= min(r  I -2 ,  
n - r2 -1 )  = min(ro - 2, n - s -1 )  = n - s -1  and M= max( s, ro + s - n } 
=8. So 
y(D2)  = , ( r  o, s)  + r o + min(r  o - 2, n - s - 1) 
= ( r  o - 1 ) (s  - 1)  + r o + n - s - 1 = n + s ( r  o - 2)  = Wl(s ,  n ) .  
THEOrUSM 4.9. Let n, s be integers with 2 <<. s < n and god(s, n) > 1, 
(i) I f  n= ks and k -  l c s -  2, then b , (n )= Wl (S ,n )+ l=  n + s ( ro -  2) 
+1.  
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(ii) I f  s+n, or i f  n=ks  and k- l l s -2 ,  then bs (n)=Wl(s ,n )=n+ 
S( ro - 9). 
Proof. (i): Suppose n = ks and (k - 1) + (s - 2). Then, for any D 
~, (n) ,  we have y(D)~< Wx(s, n)+ 1 [by combining Lemmas 4.6 and 4.70)]. 
So 
b~(n)=max{y(D) lD~(n) )  <~Wl(s,n)+l.  (4.4) 
On the other hand, in Lemma 4.8(i), there exists O 1 E %(n)C ~s(n)  
such that y(Dt)  = Wt(s, n )+ 1. So 
hs(n)=max{'r(D)[D~,(n)} >~y(D1)=Wl(s,n)+l. (4.5) 
By combining the inequalities (4.4) and (4.5), we have 
b,(n) = Wl(S, n) + 1. 
(ii): By an argument like (i), we get that b,(n) = Wl(s, n). • 
5. CHARACTERIZATION OF THE DIGRAPHS D ~ ~(n)  
WITH ,/(D) = b,(n) IN THE CASES s > 2 AND s :~ 6 
In this section, we always assume that 2 ~< s < n and gcd(s, n )> 1. In 
Section 4, we  got the expressions for bs(n); here, we characterize those 
digraphs D ~ ~s(n)  with y(D) --- bs( n ), s > $ and s * 6. 
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THEOREM 5.1. Let n, s be integers with 2 <~ s < n and gcd(s, n) > 1 and 
D ~ ~(n) ,  y (D)  = bs(n). 
(i) I f  n = ks and k - 1 ~ s - 2, then D ~ ~,(n). 
(ii) I f  s ¢ n, or i f  n = ks and k- l l s -2 ,  then D ~ ~,( n ), where s>2 
and s ¢ 6. 
Proof. (i): By Lemmas 4.6 and 4.7(i). 
(ii): By Lemmas 4.6 and 4.7(ii). • 
Subsequently, we'll get a necessary and sufficient condition for D ~ ~(n)  
to have y (D)  = b~(n); its main idea comes from that of Lemma 3.3 in [1]. 
THEOREM 5.2. Let n, s be integers with 2 <~ s < n and D ~ ~s( n ). I f  
n = ks and k - 1 + s - 2, then 7(D)  = b~(n) = n + s(r o - 2)+ 1 i f  and only i f  
(after a suitable relabeling o f  vertices) all the following four conditions are 
satisfied: 
(i) D = K~.,o (2 E', where K,,,o is the digraph in Figure 2, and E' (an arc 
subset o f  D)  is some subset (possibly empty)  o f  E o f  the form E '= 
{(j, i ) [s  + 1 ~ i < j <~ n - 1} and such that D = Ks.~oU E' also satisfies the 
conditions (ii), (iii) and (iv). 
(ii) D ~ opt(n). 
(iii) D contains a unique circuit o f  length s. 
(iv) I f  E '  ¢ 0 ,  then r o -1  is not a nonnegative integral combination o f  
. . . .  - F.i ~ 2 a i r J  s for all nonnegative integers ra/s,  r3/s, rx_x/s ,  i.e., r o 1~ x-x 
aa, a 3 . . . . .  ax_ 1, where L (D)  = {rl, r ~ . . . . .  rx}, r l=  r o, rx= s. 
Proof. Necessity: Let n = ks and k - 1 + s - 2, and ~(D) = bs(n ). Since 
7(D)  = bs(n) = Wl(s,  n )+ 1 = n + s(r o - 2)+ 1, we have D E ¢p,(n) [this fol- 
lows directly from Theorem 5.1(i)], and there exists a pair of vertices 
Xo, Yo ~ V(D)  such that y(x o, Yo) = n + s(r o - 2)+ 1. So condition (ii) is 
satisfied. 
Now, take B = (s, ro) c_ L (D) ,  where r o = n - 1. Then by (2.1), we have 
n + s(r  o -- 2) + 1 = ,/(x o, Yo) ~< dB(xo, Yo) + ep(B) 
= dB(xo, Yo) + (to -- 1)(s -- 1). 
So 
ds(xo ,Yo)>ln+s( ro -2 )+ l - ( ro -1 ) (s -1 )=n-s+r  o. (5.1) 
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On the other hand, by an argument completely similar to that of Lemma 
4.7(i), for any x, y E V(D)  we have dB(x, y)  ~ (n  - s )+ ro; in particular, 
dB(xo,  Yo) <<- n - s + r o (5.2) 
So, by the inequalities (5.1) and (5.2), 
d~(xo ,Yo)  = n -  s+ r o, (5.3) 
so that x o, Yo are in case 2 of Lemma 4.7(i), and d~(x o, S )= n -  s. Then 
there exists a vertex z which belongs to a circuit of length s such that 
d(x  o, z )  = n - s and d(z ,  Yo) = n - 1 = r o. Now we relabel the vertices of D 
as shown in Figure 4. Then z = 1, Yo = n, and H = {(1,2),(2,3),(3,4) . . . . .  
(n -2 ,  n -1 ) , (n - l ,n )}  is a hamfltonian path from z to Yo. Since 
d( z, Yo) = n - 1, then ( i, i + t)  ~ E( D ) for t >/2 and 1 ~< i ~< n - 2. Again by 
( i, i + t )  q~ E( D ), z = 1 ~ V( Cs) and d ~( x o, S) = n - s, we have C~ = ((1,2), 
(2 ,3 ) - - .  ( s -  1, s)(s,1)} is a unique circuit of length s. So condition (iii) is 
satisfied and x o >t s + 1. 
However, r o = n - 1 ~ L(D) ,  and z and Yo cannot belong to same circuit 
of length r o [otherwise d(z ,  Yo)<~ n-  2]. At the same time, we must have 
that Yo doesn't belong to any circuit of length r o [otherwise (Yo,2) ~ E(D)  
and 2~C~,  so dB(xo, Yo) <.< d(xo ,2 )+ d(2, yo) <<. n - s + n - 2 < n - s + ro; 
this contradicts the equality (5.3)]. So there exists a unique circuit R of 
length r o as follows: 
R= {(1 ,2 ) , (2 ,3 ) , . . . , (n -  2, n -1 ) , (n -  l ,1 ) ) .  
Now, since d(i ,  z )  <<. n - s - 1, s + 1 ~< i ~ n - 1, we have x o >/s + 1 and 
d(x  o, z )  = n - s. Then x o = Yo = n and (Yo, s + 1) ~ E(D) .  So Ks.~o _ D. 
Subsequently, consider any ( j ,  i )~  E( D ) \  E( Ks.,o). Since D contains no 
arc (i, i + t), t >i 2, we have i < j. So we need only prove that s + 1 ~< i < j 
.<< n - 1. Otherwise: 
3~ 
C~ 
5-/ 5 
< 
/-I 
Fro. 4. 
EXPONENTS OF PRIMITIVE DIGRAPHS 21 
(1) If i ~< s and i ~< s, then (1, i )  = (s,  1) ~ E(Ks,, o) (s being the shortest 
c i rcu i t  length).  This is in contradict ion with (], i) ~ E(K~,~o). 
(2) If i ~< s and i >t s + 1, then i ~< n - 1. [Otherwise, there exists a walk 
f rom Yo to Yo of length n -  i + 1 which a lready meets the two circuits of 
lengths s and  r 0. So dB(xo, Yo)=dB(yo, Yo)<~n- i+ l<~n<n-s+ro  • 
This  contrad icts  the equal i ty (5.3).] Not ice that  Y0 = n is a unique vertex 
wh ich  doesn ' t  be long to C~ such that d(n, 1) >/n  - s. So there exists a walk 
f rom n to n of length 1+[ i -(s +1)]+ l+(n  - i )  = n - s + ] - i + 1 (n  --* s 
+ l - - *s+2- -* . . .  ~]-1~1- -* i - - -} i+1~""  ~n-1 - - *n)  which al -  
ready  meets  the two circuits of lengths s and r o. Then  we have 
n-  s + r o =dB(x o,yo) =dB(n ,n )  <~ n-  s + 1 - i+1,  
whence  
j - i>~n-2 ,  
1~<i<]~<n-1 ,  
whence  J = n - 1, i = 1, i.e. ( i ,  i )  = (n  - 1,1) ~ E(Ks,ro ). This contradicts  
the hypothes is  (i, i) q~ E( K,.,o). 
(3) If ] = n and i >/s + 1, then there exists a walk f rom n to n of length 
l +(n -  l - i )+  l +(n -1)=n- i  + l + r o (n---,i--*i + l--* . . .  ~n-1 - - - ,  
1 --* 2 --* • • • --* n )  which a lready meets all the circuits. So 
n-  s + ro=dn(xo ,Yo)=dB(n ,n)  <~n- i  + l + ro, 
whence  i ~ s + 1, whence i = s + 1. However ,  ( j ,  i )  = (n ,  s + 1) ~ E(Ks,,o).  
This  contrad icts  the hypothesis  (j, i) ~ E( Ks.ro). 
Combin ing  the above three cases, we have that if (j, i) ~ E(D) \E(K , , ,  o) 
then  s + l <~ i < i <~ n-1 .  
X - la i r J s  , Final ly ,  s ince "[(n, n) = n + s(r o - 2)+ 1, we have r o - 1 ~ ~i=z  
a i ~ Z +. [Otherwise we may assume that r 0 - 1 = E~.~airi/s, whence 
S( ro -1 )+(n-s )=(n-s )+ E a,ri, 
i~2  
h-1  
n+s( ro -2 )=(n-s )+ E airi, 
i~2  
i.e., by  add ing  a circuit  of length n - s and a~ circuits of length r i (2 ~< i
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}~ - 1), we get that there exists a walk of length Wl(s,  n)  = n + s(r o - 2) from 
n to n. This contradicts the fact that (n, n)  = Wl(s,  n)  + 1 = n + s(r o - 2) + 1]. 
Hence conditions (i)-( iv) are satisfied. This completes the proof of 
necessity. 
Sufficiency: If E '=O,  then D = K~,,o and y(D)  = n + s(r o - 2)+ 1 [by 
l_emma 4.8(i)]. So we may assume E'~: 0 .  By condition (ii), we have 
,/(O) =max(y(x,y)lx, u~ V(D)} ~ Wl(s,n)+ l.
It remains to prove that there exists an ordered pair of vertices x, y of D such 
that y(x, y)  = Wx(s, n)+ 1. Now consider x = y = n. We need only prove 
that there doesn't  exist a walk of length Wt(s,  n)  from n to n. 
Because C s is a unique circuit of length s, there is a walk from n to n of 
length n - s (i.e. n ~ s + 1 ~ s +2 --, • • • ~ n - 1 --, n)  which doesn't meet 
the circuit C~, but already meets all the circuits of lengths r i (1 ~< i ~< t - 1). 
Now, we suppose that there exists a walk from n to n of length n + s(r o - 2) 
which may be expressed as follows: 
Wl(s ,n )=n+s( ro -2) - - (n -s )+ E a , r i+a l ro+axs ,  
i=2  
(5.4) 
where a i ~ Z + (i = 1 . . . . .  )~), and if a 1 = 0 then a x = 0. 
Case 1: a 1 = 0. Then a x = 0 and by the equality (5.4), we have 
n+s( ro -2) - - -n -s+ ~_, airi, 
i=2  
whence 
s(r  o -1 )= E a,ri, 
i=2  
whence 
x-  1 air i  
r0 -1= ~ 
i=2  8 
This is in contradict ion with condition (iv). 
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Case 2: ax > 0. Then by the eq,  ality (5.4), we have 
h-1  
n+s( ro -2 )=n-s+ ~ air~+axro+axs,  
i~2  
h -1  
S( ro -1 )= ~., airi + alro + axS 
iffi2 
(5.5) 
Since s l r i (i = 2 . . . . .  h - 1), we have s laxr o. Again because god(s, ro) = 1, 
we get that s I a 1, so a x >/s. 
However,  on the left side of the equality (5.5), s(r o -1 )< sr o ~< air o <~ 
Exz.~air~ + axro + axs, which is equal to the fight side of the equality (5.5). 
This gives a contradiction. 
Hence combining cases i and 2, we get that there does not exist a walk of 
length Wl(s,  n)  = n + s(r o - 2) from n to n, i.e., y (D)  >/~/(n, n) = Wl(S, n)  
+ 1 = n + s(r o - 2)+ 1. This completes the proof of sufficiency. • 
THEOREM 5.3. Let n, s be integers with n > s > 2 and s ~ 6, gcd(s, n) 
>1,  and D ~ ~s( n ). I f  s ~ n, or i f  n = ks and k- l l s -2 ,  then y(D)= 
bs( n ) = n + s( r o - 2) = Wl( S, n)  i f  and only i f  (after a suitable relabeling o f  
vertices) all the following f ive conditions are satisfied: 
(i) D = C, 0 Pn-s-1 0 E', where C~ is a direct circuit o f  length s; Pn-s-1 
= P(s + 1, n)  is a direct path o f  length n - s - 1, with V(C~) n V(Pn_~_l) = 
0 ; and E' is an arc subset o lD  such that Pn - , - i  is a distance path o f  length 
n - s - 1 f rom s + 1 to n and D = C, 0 P,_ ~_ 1 U E' also satisfies conditions 
(ii), (iii), (iv) and (v). (See Figure 5.) 
c 
I' ~-I s 
n - ~ - I -~  
~u 
FIG. 5. 
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(ii) D ~ q0s(n). 
(iii) D contains a unique circuit o f  length s. 
(iv) C, ¢q C b = O, where C b is an any circuit o f  length b which is not 
equal to s and r o. 
(v) ro - l  ~ y.XZ~a,rJs,  where r l=r  o, rx=S, L (D)=(r l ,  r 2 . . . . .  rx), 
and a~ ~ Z ÷ (i = 2 . . . . .  ~, - 1) (i.e., r o - 1 is not a nonnegative integral 
combination o f  r J  s, r3 / s . . . . .  rx.1/ s ). 
Proof. Necessity: Let s + n, or n = ks and k - l ls - 2, and let y (D)  = 
b~(n). Then by Theorem 5.100, we see that D ~ q0~(n). So condition (ii) is 
satisfied. 
Now, take B= (s, ro). Since y(D)=bs(n)=n + s ( ro -  2 )=Wl(s ,n  ), 
there exists a pair of vertices x o, Yo ~ V(D)  such that y(x o, Yo)= Wl(s, n). 
By the inequality (2.1), we have 
n + s(r  o -- 2) = y(x  o, Yo) ~< dB(xo, Yo) + ep(B) 
= dB(xo, Yo) + (ro -- 1)(s -- 1). 
So 
dB(xo ,Yo)>ln+s( r  o -2 ) - ( r  o-1) (s -1 )=n-s - l+r  o. (5.6) 
On the other hand, here the hypotheses are the same as those of Lemma 
4.7(ii). However,  in the proof of Lemma 4.7(ii), for any x, y ~ V(D),  we have 
that dn(x,  y)  ~< n - s - 1 + ro; in particular 
dB(xo, Yo) <~ n - s + r o - 1. (5.7) 
By the inequalities (5.6) and (5.7), we get that 
dB(Xo, Yo) = n -  s -  1+ r o, (5.8) 
and this equal ity can only hold in case 2 and subcase 3.3.3 of Lemma 4.700. 
Subsequently, we'll prove the equality holds only in case 2. 
If x o and Yo are in subcase 3.3.3 of Lemma 4.7(ii), then n = b + s = ks, 
r o = n - 1, b = (k - 1)s, and x o = Yo. So by first adding a circuit of length 
b = n - s to P(x o, Yo) = Xo, then adding a circuit of length r o = n - 1, and 
then adding k(s - 1) - 2 circuits of length s, we get a walk from x o to x o of 
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length 
b+ro  +[k(s -1  ) -  2 ]s=n-s+ro  +( ro - l -k )s  
= n + ro - S + S( ro -1 )  - ks 
= n +(n-  1)+ s(r o -  2 ) -  n = n+ s ( r  o -  2) -  1. 
This is in contradiction with the fact that ~(x o, Yo) = Wt(s, n) = n + s(r o - 2). 
Therefore, the equality (5.8) holds only in case 2 of Lemma 4.7(ii), and 
d(xo, Yo) = n - s - 1. Now, we may assume that P(x o, Yo) doesn't meet any 
circuit of length s [otherwise dB(x o, Yo) = d(xo, Yo) = n - s - I < n - s - I 
+ r o, and that contradicts the equality (5.8)], where P(x, y)  is defined above. 
So there exists a circuit C~ of length s such that V(Cs) N v (e (x  o, Yo)) = ;~. 
Again, since s is the shortest circuit length and IV(Cs)l+ IV(P(xo, ~/o))1--- n, 
C~ is a unique circuit of length s, i.e., condition (iii) is satisfied. 
Case 1. Suppose C b is a circuit of length b and s<b<r  o. Then 
V(Ch)c_V(P(xo ,  Yo)). [Otherwise, by adding a circuit of length b to 
P(xo, Yo), we get a walk from x o to Yo of length d(x o, yo)+ b which already 
meets two circuits of lengths s and r 0. So d B( x o, Yo ) <~ d( x o, Yo ) + b = n - s 
- l+b<n-s - l+ro .  ] 
Case 2. If C b is a circuit of length b and r o<b~<n,  then since 
D ~ q~(n), we have b = ks. Again, since gcd(s, n) > 1 and by the definition 
of r o, we get that n=b=ks ,  to=n-1  [otherwise, ro<b+l=ks+l<n 
and gcd(s, ks + 1) --- 1]. Now, by adding a circuit of length n = ks to P(x o, Yo), 
then adding ks - k - 2 circuits of length s, we get a walk from x o to Yo of 
length 
d(xo ,  Yo) + n+(ks -  k -  2)s= n -  s -  1+ n +(n -  k -  2)s 
=n-s - l+n+(ro -k -1 )s  
= n + S( ro -  2 ) -  1. 
This contradicts the fact that ~(Xo, Yo) --- Wl(s, n)  -- n + s(r o - 2). Hence D 
contains no any circuit of length b, where b > r o. 
By cases 1 and 2 and the fact that V(Cs) N V(P(x  o, Yo)) = 0 ,  we see that 
condition (iv) is satisfied. 
_ ~k-1  Now, ff r o - 1 - Z~_s air l /s,  where a i e Z +, then by adding a s circuits 
of length r~ respectively (2 ~< i ~< h - 1) to P(x o, ~/o), we get a walk from x o 
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to Yo of length 
h-1  h -1  
d(xo ,Yo)+ ~'. a , r i=n-s - l+  ~_, a,ri 
i=2  i=2 
= n-  s -  l + s ( ro -1 )= n + s ( ro -  2 ) -  I 
=Wl (s ,n ) - l .  
This contradicts the fact that ,/(x o, go) = Wl(s, n) = n + s(r o - 2). 
Hence r o -1  isn't a nonnegative integral combination of rz/s,  r3/s, 
. . . .  rx_ l / s ,  i.e., condition (v) is satisfied. Now we relabel the vertices of D so 
that x o = s + 1, go = n, so condition (i) is satisfied. 
This completes the proof of necessity. 
Sufficiency: By condition (ii) and Lemma 4.7(ii), we have 
~,(D) = max{ ~(x,  g) Ix ,  g ~ V(D) )  <~ Wl(s ,  n)  = n + s(r  o - 2). 
It  remains to prove that there exists an ordered pair of vertices x, y of D such 
that y(x, y )= Wl(s, n). Now, we consider x o = s + 1, Y0 = n, where Pn- , - i  
is a distance path of length n - s - 1 from x o to Yo. So we need only prove 
that there doesn't  exist a walk of length Wl(s, n) - 1 from x 0 to Yo. 
Suppose there exists a walk of length Wl(s, n) - 1 from x 0 to Y0. Then it 
can be expressed as follows: 
n+s( ro -2) - l=n-s - l+a i ro+axs+ E airi, (5.9) 
i=2  
where a i ~ Z + (i = 1 . . . . .  ~), and ff a 1 = 0 then a x = 0 [by adding a i circuits 
of length r i respectively to P(x o, go), where r i = r o, rx= s]. We have a 
contradict ion by  an argument similar to the proof of sufficiency of Theorem 
5.2. 
Therefore, we get that there doesn't exist a walk of length Wl(s,  n)  - 1 
from x o to go, i.e., ~(D) = ~,(x o, go) = n + s(r o - 2) = Wl(s, n). • 
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